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Recently Horˇava proposed a model for gravity which is described by the Einstein action in the infrared, but
lacks the Lorentz invariance in the high-energy region where it experiences the anisotropic scaling. We test this
proposal using two condensed matter examples of emergent gravity: acoustic gravity and gravity emerging in
the fermionic systems with Fermi points. We suggest that quantum hydrodynamics, which together with the
quantum gravity is the non-renormalizable theory, may exhibit the anisotropic scaling in agreement with the
proposal. The Fermi point scenario of emergent general relativity demonstrates that under general conditions,
the infrared Einstein action may be distorted, i.e. the Horˇava parameter λ is not necessarily equal 1 even in
the low energy limit. The consistent theory requires special hierarchy of the ultra-violet energy scales and the
fine-tuning mechanism for the Newton constant.
PACS:
1. INTRODUCTION
Recently Horˇava [1, 2, 3] presented a candidate for
quantum gravity with anisotropy between space and
time at high energy, and with emergent Einsteins gen-
eral relativity in the low-energy corner. It is assumed
that the effective speed of light c, and the Newton con-
stant G both emerge from the deeply nonrelativistic
theory at short distances. At the moment, the Horˇava
model with anisotropic scaling is phenomenological. It
does not contain an explicit mechanism of formation of
general relativity in the infrared. Here we try to test the
proposal using the condensed matter examples of emer-
gent gravity, such as acoustic gravity emerging in hy-
drodynamics [4] and the Fermi point scenario, in which
the Lorentz invariance emerges in the infrared together
with the gauge fields and gravity [5, 6, 7].
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2. PARTICLE SPECTRUM
The asymmetric scaling suggested by Horˇava for the
high-energy regime [1, 2], implies that the spectrum of
fermions or bosons extrapolates between the infrared
macroscopic and ultra-violet microscopic behavior in
the following way:
E2(p) = p2 + E2micro(p) , Emicro(p) =
pz
Mz−1
. (1)
Here we put c = 1 for the emergent ‘speed of light’
– the limiting velocity of the low-energy particles; M
is the mass parameter; and z is the parameter of the
anisotropic scaling at high energy. In Ref. [3] the
anisotropic scaling with z = 2 has been used, while in
Refs. [1, 2] – that with z = 3. 2)
Below, from the estimation of the Newton constant
G in effective gravity, we shall show that M must be
somewhere in between the GUT and the Planck energy
scales: EPlanck > M > EGUT. We need also the ultra-
violet energy cut-off, at which Eq. (1) is violated at
even higher energies. By definition, this ultra-violet en-
ergy scale must be much larger than M , i.e. Euv ≫M .
Theories with Euv ≫ EPlanck can be found e.g. in Refs.
2)The spectrum Emicro(p) with z = 2 occurs at the Lifshitz
point in the theory of phase transitions [8]. This is the point
on the phase diagram, where the parameters a0 and a1 of the
expansion of the spectrum ω2(k) = a0 + a1k2 + a2k4 vanish,
a0 = a1 = 0. Near this point the dominating term in the spec-
trum is ω(k) ≈ a
1/2
2 k
2. This the reason why the Horˇava model
anisotropic scaling is called the Horˇava-Lifshitz gravity. Cosmol-
ogy with Lifshitz scalar field obeying the z = 3 anisotropic scaling
at high energy has been discussed in Ref. [9].
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[10] and [11]. For the z = 3 anisotropic scaling, the
spectrum at large p is cubic:
E(p) ≈ Emicro(p) =
p3
M2
, Euv ≫ p≫M . (2)
In the Horˇava model it is assumed that Lorentz in-
variance emerges at low p, and the spectrum in Eq. (1)
becomes linear:
E(p) ≈ Emacro(p) = p , p≪M . (3)
In the Fermi point scenario, the Lorentz invariance is
not an accidental symmetry of a low-energy theory. It
naturally emerges at low energy because it is dictated
by the topologically stable Fermi point in the fermionic
spectrum. In the low energy corner the momentum ap-
proaches the Fermi point at p = 0, and in the vicin-
ity of the Fermi point the spectrum is necessarily lin-
ear [5, 6, 7, 12]. Gravity and gauge fields are also not
accidental in the Fermi point scenario: they naturally
emerge as the low energy collective modes interacting
with the low energy relativistic fermions living near the
Fermi point.
3. LORENTZ SYMMETRY VIOLATION
As follows from Eq.(3), the energy M is the scale
at which the Lorentz invariance is violated. As we shall
see below, the estimate of the Newton constant suggests
that the Lorentz symmetry breaking scale M must be
below or on the order of the Planck scale. Fortunately,
for the z = 3 scaling this does not contradict to obser-
vations. This is because for z = 3, the Lorentz violating
corrections to the linear spectrum at small p
E(p) = p
√
1 +
p4
M4
≈ p
(
1 +
p4
2M4
+ . . .
)
, p≪M ,
(4)
start with the p5/M4 term. In the typical Lorentz vi-
olating models, including the Horˇava z = 2 scaling [3],
the Lorentz violation starts with the natural p3/M2
term: E = p(1+p2/M2+ . . .), see e.g. [13]. The p3/M2
term in spectrum with M of order of Planck scale and
with the prefactor of order unity is strongly forbidden by
observations: ifM is of order of Planck scale or smaller,
the prefactor must be smaller than 10−6 (see e.g. [14]).
But the p5/M4 term is acceptable, which is one of the
advantages of the z = 3 scaling.
The other advantage of the z = 3 scaling is the con-
vergence of the integrals over momentum p in the ultra-
violet limit. This is in particular because at large p the
corrections to the cubic spectrum rapidly decay:
E(p) = Emicro
√
1 +
M4
p4
≈ Emicro
(
1 +
M4
2p4
+ . . .
)
, p≫M .
(5)
This makes the z = 3 model potentially ultra-violet
complete.
4. ANISOTROPIC SCALING IN QUANTUM
HYDRODYNAMICS
The first quantization scheme for hydrodynamics
was suggested by Landau in 1941 when he developed
the theory of superfluidity in liquid 4He [15]. How-
ever, later it appeared that beyond the quantization
of sound waves, quantum hydrodynamics has the same
ultra-violet problems as quantum gravity and is also
non-renormalizable. It was suggested that in quantum
hydrodynamics, the corrections to the linear spectrum
of sound waves may also start with the k5 term: [16]
ω(k) = csk + γ
~
ρ
k5 + . . . . (6)
Here cs is the speed of sound, ρ is the mass density of
a liquid and γ is the factor of order unity.
The important property of this equation is that the
quantum correction does not contain the ‘speed of light’
cs and is solely determined by the quantities which enter
the commutation relations in quantum hydrodynamics:
Planck constant ~ and mass density ρ (see Ref. [15]).
This may give us a guiding principle for the spectrum
in quantum hydrodynamics at high frequency: in the
high-frequency regime the vortex-like degrees of freedom
are dominating (whose quantum dynamics has been dis-
cussed in Ref. [17]). The acoustic degrees of freedom are
not relevant, the speed of sound cs drops out of equa-
tions and thus only ρ and ~ enter the spectrum. Based
on this principle, it is possible to construct anisotropic
scaling with different z. If one uses the dimensionality
analysis only, then the high frequency spectrum which
depends on ρ and ~ and does not depend on cs must be
like that:
ωmicro(k) = γ
~
ρ
k5 , k ≫
(ρcs
~
)1/4
. (7)
This matches Eq.(6) at low ω, but corresponds to the
anisotropic scaling with z = 5, rather than that with
z = 3.
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tic metric for phonons propagating in the liquid [4]. For
the liquid at rest one has:
gµνacoustic = diag
(
−
1
ρcs
,
cs
ρ
,
cs
ρ
,
cs
ρ
)
, (8)
gacousticµν = diag
(
−ρcs,
ρ
cs
,
ρ
cs
,
ρ
cs
)
, (9)
Then one can write the following equation for spectrum:
gµνacoustickµkν +
2γ~
ρ2
k6 = 0 . (10)
This equation has the correct covariant form at low fre-
quency; does not contain cs explicitly (it is hidden in
the metric); and matches the expansion in Eq.(6). But
now it corresponds to the anisotropic scaling with z = 3
suggested by Horˇava for quantum gravity.
All this is highly speculative, since the full quan-
tization of classical hydrodynamics has not yet been
constructed. That is why it is not clear whether it
is reasonable to apply the above guiding principle to
quantum gravity. One may suggest for example that in
the high-frequency regime the emergent speed of light
c is dropped out of equations and the spectrum may
depend only on the energy density of the vacuum ǫ.
Then the dimensionality analysis gives the inverse cu-
bic spectrum for large momentum, Emicro(p) ∝ ǫ~
3p−3.
This might be reasonable, since it is consistent with
the estimate of the energy density of the vacuum: ǫ ∝∫
d3p/(2π~)3 Emicro(p).
5. NEWTON CONSTANT IN FERMI POINT
SCENARIO
In the Fermi point scenario, the 3+1 gravity emerges
at small p together with gauge fields [6, 7] (the 2+1
gravity emerging in the vicinity of the Dirac point in
graphene is discussed e.g. in Ref. [18]). The action for
effective gravity and effective gauge fields is obtained
by integration over fermions in the same manner as in
Sakharov induced gravity [19] and Zeldovich induced
gauge field [20]. Let us start with gravity and show
that the scale M in the spectrum (1) for the z = 3
anisotropic scaling is on the order of or even below the
Planck energy scale EPlanck.
The gravitational coupling can be estimated using
the Sakharov approach in which the action for grav-
ity is obtained by integration over quantum fluctuations
[19]. The natural regularization in the Sakharov equa-
tion for the Newton constant, 1/G ∼
∫
d3p
p , leads to
1/G ∼ M2 ln(E2uv/M
2). We illustrate this using two
different ways of regularization. In the first illustration,
we substitute p in denominator by E(p) in Eq.(1). For
the z = 3 anisotropic scaling this gives∫
d3p
p
→ G−1ren ∼
∫
d3p
E(p)
∼M2 ln
E2uv
M2
. (11)
In the second case we substitute 1/p by E(p)/p2.
Now the inverse Newton constant diverges at high en-
ergy as E4uv/M
2. But gravity exists only at low energy,
and thus in the same manner as in the Casimir effect
one may subtract the diverging ultra-violet contribution
coming from the Euv scale. Then for z = 3 one obtains
the same estimate as in Eq. (11):∫
d3p
p
→ G−1ren ∼
∫
d3p
p2
(E(p)− Emicro(p)) ∼ (12)
∼
1
M2
∫
d3p p
(√
1 +
M4
p4
− 1
)
∼M2 ln
E2uv
M2
. (13)
The same consequence of two different regular-
ization schemes suggests that the estimate 1/G ∼
M2 ln(E2uv/M
2) for the z = 3 anisotropic scaling re-
mains valid in direct calculations of G. Taking into ac-
count the large logarithm in Eq. (11) and the large
number of fermionic species in the Standard Model, one
obtains that the Lorentz violating scale M is some-
where between the Planck and GUT energy scales,
EGUT < M < Euv.
In both regularization schemes, the integral is con-
centrated at the energies E on the order of M and
higher. At E ∼ M , the fermions are not Lorentz in-
variant. The part of action for the induced gravity,
which is obtained by integration over the non-relativistic
fermions, is non-covariant even in the low energy limit.
This means that gravity induced in the low-energy cor-
ner does not obey the Einstein equations: the param-
eter λ in Horˇava action is not equal unity even in the
infrared; the limiting velocity of the low frequency gravi-
tons cg does not coincide with the fermionic ‘speed of
light’ c; 3) gravitons acquire mass of orderM ; and other
unpleasant things.
Note that in the anisotropic z = 3 scaling, the
vacuum energy diverges more strongly than for the
isotropic z = 1 scaling: ǫ ∝
∫
d3pE(p) ∼ E6uv/M
2.
However, this divergence is not crucial since in the per-
fect equilibrium vacuum the contribution of the zero
point energy of quantum fields to the cosmological con-
stant will be fully compensated by the contribution from
the microscopic (ultra-violet) degrees of freedom above
3)In the Horˇava approach, gravity is universal and thus the
metric gµν and the speed of light c are the same for all species of
matter. However, in the effective theory it is not guaranteed that
in the infrared the graviton limiting velocity cg coincides with c.
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Euv [6, 21]. This follows purely from the thermody-
namic analysis of the equilibrium Minkowski vacuum
and does not depend on the details, such as index z and
parametersM and Euv (see also Ref. [22] and references
therein). That is why the issue of the cosmological con-
stant problem [23, 24, 25] is irrelevant for the model. It
is the Newton constant which requires the fine-tuning
(see below), rather than the cosmological constant for
which the fine-tuning occurs automatically in any self-
sustained vacuum [21].
6. DISCUSSION
The same problem with the non-invariant terms
in the low-energy action arises in the effective action
for the induced gauge field, which is also obtained by
integration over the fermionic fields. Following the
Zeldovich prescription [20], one obtains that with the
logarithmic accuracy the running coupling calculated
at the energy scale of the order of Z-boson mass is
α−1(MZ) ∼ ln(M
2/M2Z). This contribution to α
−1
comes from integration over fermions in the region of en-
ergiesMZ < E < M . The main logarithmic term in the
action is Lorentz invariant due to the contribution from
the regionMZ ≪ E ≪M , where fermions are relativis-
tic. However, the non-logarithmic terms in the action
which come from the region E ∼ M are not invariant.
The relative magnitude of the Lorentz violating terms
in the effective electrodynamics is thus on the order of
1/ ln(M2/M2Z) ∼ α. This highly contradicts to obser-
vations: the relative magnitude of the Lorentz violating
terms in electrodynamics is experimentally smaller than
10−15 (see Ref. [26]).
That is why one needs a mechanism which protects
against the non-covariant terms in the action for gravity
and gauge fields emerging in the infared. The smallness
of the non-covariant terms can be achieved if there is
some small parameter in the theory [27]. For exam-
ple, if the Lorentz violating scale is much higher than
the Planck scale, ELV ≫ EPlanck, the small parameter
E2Planck/E
2
LV will suppress the Lorentz violating terms
(see Ref. [10]). This suggests that the Lorentz vio-
lating scale M in the z = 3 Horˇava model must be
very much larger than the Planck scale, M ≫ EPlanck.
But this contradicts to the Eq.(11) for the Newton con-
stant, which says that M is below the Planck scale,
M < EPlanck. If one insists that M ≫ EPlanck, one
needs in an additional principle or symmetry in the un-
derlying microscopic physics, which may reduce the in-
verse Newton constant 1/G from its natural value M2
in Eq.(11) to its experimental value E2Planck.
In conclusion, there is a hint from quantum hydrody-
namics on the possibility of the z = 3 anisotropic scal-
ing in acoustic gravity. However, to support the Horˇava
proposal one must find the proper mechanism, by which
the gauge fields, gravity and relativistic fermions emerge
together at the low energy fixed point. The Fermi point
scenario of emergent relativity may provide such a mech-
anism. But the problem within this scenario is that un-
der general conditions the Einstein action is distorted
even in the low-energy corner. To restore the general
relativity in the infrared, one must construct the con-
sistent hierarchy of the energy scales (M , EPlanck, ELV
and Euv) and find the physically motivated mechanism
for the fine-tuning of the Newton constant G.
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